Abstract. Inverse nodal problems consist in constructing operators from the given zeros of their eigenfunctions. In this work, we deal with the inverse nodal problems of reconstructing the Sturm-Liouville operator on a star graph with δ ′ s couplings at the central vertex. The uniqueness theorem is proved and a constructive procedure for the solution is provided from a dense subset of zeros of the eigenfunctions for the problem as a data.
Introduction
In 1988, the inverse nodal problem was posed and solved for Sturm-Liouville problems by J. R. McLaughlin [30] , who showed that knowledge of a dense subset of nodal points of the eigenfunctions alone can determine the potential function of the Sturm-Liouville problem up to a constant. Some numerical schemes were provided by O. H. Hald and J. R. McLaughlin for the reconstruction of the potential [14] . From the physical point of view this corresponds to finding, e.g., the density of a string or a beam from the zero-amplitude positions of their eigenvibrations. Recently, some authors have reconstructed the potential function for generalizations of the Sturm-Liouville problem from the nodal points (for example, refer to [3, 5, 7, 10, 11, 14, 19, 24, 25, 26, 30, 33, 34, 35, 37, 41, 42] ).
Quantum graphs became in the last decade a useful and versatile tool to describe several classes of physical systems, in particular, various combinations of quantum wires. There are numerous papers devoted to the subject and we restrict ourselves to mentioning the bibliography given in [17, 20] , where also basic concepts of theory are discussed. In [17, 20] , all symmetrical vertex matching conditions are described (something more general than standard boundary conditions). For example, so-called Kirchhoff boundary conditions as the most common case of the standard δ couplings; a kind of δ [9] . The question of physical meaning of such a coupling on graphs was addressed and a pair of simple nontrivial examples of the so-called δ ′ s couplings was presented in [12, 13] . Recently, the spectral problems of quantum graphs have become a rapidly-developing field of mathematics and mathematical physics, and spectral properties of quantum graphs and different inverse problems have been studied in both forward [20, 21, 22, 31, 39] and inverse [4, 23, 32, 38, 40, 41, 42] , etc. Nowadays there are only a number of papers devoted to inverse nodal problems for differential operators on graphs (for example, refer to [8, 11, 41, 42] ).
In this work we concern ourselves with reconstructing Sturm-Liouville operators on a star graph with δ ′ s couplings from nodal data. We prove the corresponding uniqueness theorem and provide a constructive procedure for the solution. For the Sturm-Liouville operators on a graph with δ ′ s couplings, the uniqueness theorem and recovery algorithm for the potential obtained in this work are new. We also show connections of these problems with inverse spectral problems of Sturm-Liouville operators on a star graph with δ ′ s couplings at the central vertex.
Preliminary
In this work, we consider the following boundary value problem for the Sturm-Liouville operator on a star-shaped graph consisting of d segments of equal length: 1) which are subject to the boundary conditions
at the pendant vertices 0, and 
be the sequence of the eigenvalues for the operator A 1 and {λ
be the sequence of eigenvalues for the operator A 2 , and denotē
Lemma 2.1 (see [39] ). For sufficiently large n, the eigenvalues of the operator A 1 possess the following asymptotic expression 
where c j ,0 , 1
the solutions of the equation (2.9).

Inverse nodal problems
Denote by ϕ j (λ, x), j = 1, d , the solutions of (2.1) satisfying the initial conditions
then, we have [28] 
where both of the first partial derivatives K
Similarly, denote by ψ j (λ, x), j = 1, d , the solutions of (2.1) satisfying the initial conditions
then, we get [28] 
where K j (x, t ) has the same properties as K j (x, t ) and
For definiteness, we take λ n = λ
and study the zeros of eigenfunctions corresponding to the eigenvalue λ n for the operator A 1 in more details.
Using (3.2), we get the asymptotics for the components ϕ j (λ n , x) of eigenfunctions, for
For a fixed n and j , we estimate the nodal point
Using Taylor's expansion for the arctangent, we obtain the following asymptotic formulae for nodal points, as n → ∞ uniformly in k ∈ N:
The equality (3.7) gives
uniformly with respect to k. For k = 0, 1, . . . , n, the formula (3.7) gives
For a fixed j ∈ {1, 2, . . . , d }, there exists N 0 such that for all n > N 0 the function ϕ j (λ n , x) has exactly n − 1 simple zeros inside the interval (0, π), namely: 0 < x
} are called nodal points on the edge e j related to the eigenvalues {λ n }.
Thus, according to the order of x k n, j
, for large n, the components ϕ j (λ n , x) of eigenfunctions has exactly n − 1 nodes in the interval (0, π), i.e., x k n, j
In the above results, the order estimate is independent of k. As a result,
is defined by (3.7) .
We consider the following inverse problem.
Problem. Given nodal points set X 
Thus, the formula (3.9) has the following form
And the reconstruction formula (3.11) has the following form
Let us now formulate a uniqueness theorem and provide a constructive procedure for the solution of the inverse nodal problem. and study the operator A 2 .
Using (3.4), we get the asymptotics for the components ψ j (λ n , x) of eigenfunctions, for
For a fixed n and j , we estimate the nodal point x k n, j of the eigenfunction ψ j (λ n , x). From
we obtain
Using Taylor's expansions, we obtain the following asymptotic formulae for nodal points, as n → ∞ uniformly in k ∈ N:
(3.13)
The equality (3.13) gives
For a fixed j ∈ {1, 2, . . . , d }. The points X , for large n, the components ϕ j (λ n , x) of eigenfunctions has exactly n nodes in the interval (0, π), i.e., x k n, j , k = 1, n.
Corollary 2. The sets X
is defined by (3.13) .
Using (3.13) we arrive at the following assertions. 
(2) find the function f j (x) via (3.14) and from (3.15) calculate
Incomplete inverse problems
Together with A i we consider a boundary value problem A i of the same form (2.1)-(2.5)
with the potential functions q 1 (x), . . . , q d (x). We agree that if a certain symbol δ denotes an object related to A i , then δ will denote an analogous object related to A i . Now we give the following incomplete inverse spectral problem. Suppose that q k (x) are known a priori for k ∈ {1, 2, . . . , d } \ { j }, x ∈ (0, π). Moreover, suppose that q j (x) is known on a part of the interval, namely, for x ∈ (b, π). The inverse problem is to construct q j (x) for x ∈ (0, b) from a part of the spectrum for the operator A i . Denote by σ i k (i = 1, 2) the spectrum of the boundary value problem 
Proof. Here we only need prove that Theorem 5 is true for the operator A 1 . Since
from the boundary conditions (2.2) it follows that
where
Using the boundary conditions (2.4) and (2.5) we obtain
From (4.2) and (4.3) it follows that(in details, refer (3.12)-(3.15) in [38] )
Using (4.1) and q j (x) = q j (x) on (b, π) we obtain 
where ρ 2 = λ. Substituting (4.6) into (4.5) and using the Riemann-Lebesgue Lemma, we ob-
and consequently, 
and the system of the functions
Proof. To prove this theorem we need a result [10, 37, 41] 
, it follows from Theorems 2 and 4 that g j (x) = g j (x) or f j (x) = f j (x) for x ∈ (b, π). Using (3.11) and (3.16) we obtain q j (x) = q j (x) on (b, π). Thus, we have
. Applying Theorem 5 we conclude that q j (x) = q j (x) on (0, π).
and m(n) be a sequence of natural numbers such that
Proof. Here we only need prove that Theorem 5 is true for the operator A 1 . First, by the
and Theorem 2 we obtain
Together with a result [10, 37, 41] The proof is completed.
